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1 Introduction
P. Hall P. Hall
P. Hall,
On a theorem of Frobenius,
Proc. London Math. Soc. 40 (1936) 468-501
$A,$ $G$ $A$ $G$ $AG=A\ltimes G$ 1 $a\in A$
$M_{n}(G, a\cdot)=\{x\in G|(ax)^{n}=1\}$
$(ax)^{n}=a^{n}\cdot x^{a^{n-1}}\cdots x^{a^{2}}\cdot x^{a}\cdot x$
$A\cap G=1$
$M_{n}(G, a)\neq\emptyset \Leftrightarrow a^{n}=1$
$a^{n}=1$
$M_{n}(G, a)=\{x\in G|x^{a^{n-1}}\cdots x^{a^{2}}\cdot x^{a}\cdot x=1\}$
$1AG$ $x\in G,$ $a\in A$ $x^{a}=a^{-1}xa$
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Theorem (P. Hall, a special case of Theorem 1.7). Let $\chi$ be a $\mathbb{C}$ -character of $AG$ . Then
for any $a\in A,$
$\frac{1}{gcd(n,|G|)}\sum_{x\in M_{n}(G,a)}\chi(ax)$
is an algebraic integer.
Remark 1.
$\bullet$ $\chi=1_{AG}$ $a^{n}=1$
$|M_{n}(G, a)|=\#\{x\in G|x^{a^{n-1}}\cdots x^{a^{2}}\cdot x^{a}\cdot x=1\}\equiv 0 (mod gcd(n, |G|))$







$\#\{x\in G|x^{n}=1\}\equiv 0 (mod (n, |G|))$
$A$ $G$ $\rho$ $\rho:Aarrow$ Aut $(G)$
$a\in A,$ $x\in G$ $x^{\rho(a)}$ $x^{a}$ $Z_{\rho}(A, G)$ $A$
$G$ crossed homomorphism $\varphi$ : $Aarrow G$
crossed homomorphism ( )
$\varphi(ab)=\varphi(a)^{b}\varphi(b)$ for any $a,$ $b\in A$
$A=\langle a\rangle$ $n$
$Z_{\rho}(A, G) arrow M_{n}(G, a)$
$\iota v (v$
$\varphi \mapsto \varphi(a)$
1 1 P. Hall crossed homomorphism
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2 Known results
Theorem (Asai-Yoshida (1993)). $|Z_{\rho}(A, G)|\equiv 0$ $($mod $gcd(|A/A’$ : $\Phi(A/A’)|,$ $|G|))$ .
Conjecture (Asai-Yoshida). $|Z_{\rho}(A, G)|\equiv 0$ $(mod |A/A’|, |G|)$ .
$\bullet$ both $A$ and $G$ are abelian.
$\bullet A=Z_{p^{e}}\cross Z_{p}\cross\cdots\cross Z_{p}.$
$\bullet p>2,$ $A=Z_{p^{e}}\cross Z_{p^{2}}\cross Z_{p}\cross\cdots\cross Z_{p}.$
[3]
3 Crossed homomorphisms
$H\subseteq G$ $H$ $Z_{\rho}(A, G)$ $\varphi\in Z_{\rho}(A, G)$
$\mathcal{X}_{H}(\varphi)=\{\psi\in Z_{\rho}(A, G)|\psi(a)H=\varphi(a)H$ for any $a\in A\}$




crossed homomorphism $\varphi\in Z_{\rho}(A, G)$ $g\in G$
$\varphi^{g}(a)=(g^{a})^{-1}\varphi(a)g$
$\varphi^{g}\in Z_{\rho}(A, G)$ 2






















Lemma 4. $|\mathcal{Y}_{H}(\varphi)|=|H$ : $\tilde{H}_{\varphi}|\cross|Z_{\rho\varphi}(A,\tilde{H}_{\varphi})|.$
$Z_{\rho}(A, G)$ $\mathcal{Y}_{H}(\varphi)$ disjoint union
$|Z_{\mu p}(A,\tilde{H}_{\varphi})|\equiv 0 (mod |\tilde{H}_{\varphi}|)$




Lemma 5. Suppose that $A$ is cyclic and $G$ is a $p$ -group. If $|G|$ divides $|A|,$ $then|Z_{\rho}(A, G)|=$
$|G|.$
Theorem. If $A$ is cyclic, then
$|Z_{\rho}(A, G)|\equiv 0 (mod gcd(|A|, |G|))$ .
Proof. $H$ $G$ $gcd(|A|, |G|)$ $P$
Lemma 5 $\varphi\in Z_{\rho}(A, G)$ $|Z_{\rho}(A, H_{\varphi})|=|H_{\varphi}|$ Lemma
4
$|\mathcal{Y}_{H}(\varphi)|=|H|$
Theorem. Let $\chi$ be a $\mathbb{C}$ -character of $AG$ . Then
$\frac{1}{gcd(|A|,|G|)}\sum_{\varphi\in Z_{\rho}(AG)},\chi(a\varphi(a))$
is an algebraic integer.




















algebraic integer algebraic integer
algebraic integer
Lemma 6. Suppose that $N\triangleleft G$ . For a $\mathbb{C}$ -character $\chi$ of $G$ , set
$\Phi(z)=\frac{1}{|N|}\sum_{x\in N}\chi(zx)$ .
Then





$Z_{\rho}(A, G;B, \kappa)=\{\varphi\in Z_{\rho}(A, G)|\varphi|_{B}=\kappa\}$











Theorem. Suppose that $B\triangleleft A$ with $A/B$ cyclic, say $A/B=\langle aB\rangle$ . Let $\chi$ be a $\mathbb{C}$-character
of $AG$ such that $\langle\tilde{B}_{\psi}|\psi\in Z_{\rho}(A, G)\rangle\subseteq Ker\chi$ . Then
$\frac{1}{gcd(|A/B|,|G|)}\sum_{\psi\in Z_{\rho}(AG)},\chi(a\psi(a))$
is an algebraic integer.
Pro
$\sum_{\psi\in Z_{\rho}(A,G)}\chi(a\psi(a))=\sum_{\kappa\in Z_{\rho}(BG)},\sum_{\psi\in Z_{\rho}(A,G;B,\kappa)}\chi(a\psi(a))$








algebraic integer $G$ $\kappa$
$Z_{\rho}(A, G;B, \kappa^{g})=\{\psi^{g}|\psi\in Z_{\rho}(A, G;B, \kappa)\}$
$\kappa=\kappa^{g} \Leftrightarrow g\in C_{G}(\tilde{B}_{\kappa})$






Corollary 1. Suppose that $B\triangleleft A$ with $A/B$ cyclic. $Then|Z_{\rho}(A, G)|\equiv 0$ $(mod |A/B|, |G|)$ .
Corollary 2. $|Z_{\rho}(A, G)|\equiv 0(mod (\exp(A/A’), |G|))$ .
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